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Target Association Using Detection Methods

Jonathan D. Wolfe* and Jason L. Speyer"
University of California, Los Angeles, Los Angeles, California 90095-1597

A residual-based scheme is presented for solving the radar track-to-track association problem using bearings-
only measurements. To accomplish track association between two stations, the residuals of a bank of nonlinear
filters called modified gain extended Kalman filters are analyzed. Once tracks have been associated between two
stations, tracks from additional stations may be associated with tracks from the first two stations by checking
algebraic parity equations. Traditional track association methods rely on the local stations’ estimated target
positionsand error variances. These local estimates may be quite inaccurate or even divergent when using bearings-
only measurements. Our method bypasses this difficulty because our filters use raw data from multiple stations.
An example demonstrates that our methods yield results superior to those of standard methods.

I. Introduction

UPPOSE that several spatially distributed radar installations

are each tracking several targets. Associating a given target to
its track at each of the radar stations is an important issue, which
the radar literature refers to as the track-to-track association prob-
lem. Suppose further that the stations use passive sensors that only
measure bearings to the target, without measuring range. In this pa-
per, we outline a strategy for solving this association problem by
analyzing measurementresiduals.

Bearings-only observation functions fall into two special classes
of nonlinear functions, called modifiable and approximately modi-
fiable nonlinearities, which are defined as follows:

Definition 1. A time-varyingfunction f : R" — R is called mod-
ifiable if there exists an operator A : R? x R" — R?*" such that for
any x, x € R",

f&x) = f(X) = ALf(x), ¥](x = X) M

Definition 2. A time-varying function f : R" — R? is called ap-
proximately modifiable if there existsaregion D C R" and operators
AR xR"— R*"and £ : R" x R" — R"*" such that for any x,
xeD,

f@) = f@) =[Af (), %) + &0, x = D)](x —X)

where limy, _z— o |E(x, x = )| /| A(f (x). )| =O0.

Song and Speyer’s modified gain extended Kalman filter
(MGEKF)! is a globally convergent, unbiased, nonlinear observer
for systems whose measurement functions are modifiable or ap-
proximately modifiable. In this paper, the observers we design for
bearings-only track association are MGEKFs.

An early attempt at solving the track-to-trackassociationproblem
was made by Singer and Kanyuck.? In their paper, they incorrectly
assumed that estimation errors local to each station were uncorre-
lated. Bar-Shalom,’ Bar-Shalom and Fortmann,* and Bar-Shalom
and Campo’ later corrected this error by accounting for the correla-
tion between the local estimation errors due to the common process
noise of the target. Later researchers have integrated the problem
of track association directly into the process of separating the mea-
surements corresponding to actual targets from clutter®’ In all of

2

Received 4 October 2001; revision received 1 May 2002; accepted for
publication 12 June 2002. Copyright © 2002 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved. Copies of this paper
may be made for personal or internal use, on condition that the copier pay
the $10.00 per-copy fee to the Copyright Clearance Center, Inc., 222 Rose-
wood Drive, Danvers, MA 01923; include the code 0731-5090/02 $10.00 in
correspondence with the CCC.

*Research Engineer, Department of Mechanical and Aerospace Engineer-
ing.

TProfessor, Department of Mechanical and Aerospace Engineering.
Fellow AIAA.

1143

these references, it is assumed that both range and bearings were
measured. In some of these references, the possibility of using a
MGEKEF to handle the situation of bearings-only measurements is
mentioned, but none have a discussion of the details of such an im-
plementation, in particular problems associated with the asymmetry
of single station estimationerrors. Estimates based on bearings-only
measurements from a single station are especially uncertain along
the line between the target and the receiver. This uncertainty is re-
duced when measurements from physically separated stations are
used. Our method attempts to take advantage of this phenomenonby
using estimates constructed from several stations’ measurements.

The paper is organized as follows. We show in Sec. II that
bearings-only measurement functions are modifiable. (Prior results
only showed that they were approximately modifiable.') We then
demonstrate in Sec. III that incorrect associations between two
radar stations can be interpreted as sensor faults, so that a bank
of modified-gain fault detection filters can be used to determine the
track associations. Section IV contains the main result, an algo-
rithm for solving the bearings-only track association problem. The
application of this algorithm to an example in Sec. V compares our
approach to a conventional track association method. Section VI
concludes the paper.

In the sequel, inertial Cartesian coordinates describe the motion
of each target in three dimensions via the state vector

x = [Xt Yyt 7! Xt Yt Zt )'("t )'}t Zt]T (3)
and the dynamics of each target are assumed to be of the form
X' (k + 1) = A()x' (k) + Bk)w' (k) )

Note that we include an acceleration state to model maneuvering
target dynamics.

II. Modifiability of Bearings-Only Measurements

Song and Speyer' showed that the azimuth angle az’e€
[—m/2, m/2) and the elevationangleel! € [~ /2, 7 /2) from station
s to target ?, as shown in Fig. 1, are modifiable and approximately
modifiable, respectively. The region D in which the elevation angle
was approximately modifiable excluded an ellipsoidal region near
the sensor, making their algorithms difficult to implement for situa-
tions where the angular sensor gets close to the target, for example,
in the terminal guidance of a missile. We improve this situation
somewhat by introducing the new angle W! € [~ /2, 7/2) and de-
scribing the position of the target in terms of W! and ®! = az!.
Note that W! can be calculated from az! and el! via the equation

tanel!

Zl
U =tan'| = ) =tan”'| ——
’ X! cosaz!

This section is devoted to proving that the measurement function
for W! is modifiable.

Let X' be an estimate of x' and assume that the position of the
measurement station in inertial space, x; = [X, Y, Z], is known.

&)
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Radar Station (s)

Target (t)

Fig.1 Angles for target bearings.

Then X', Y/, Z!, X!, Y/, and Z! can be computed by taking the
difference between elements of x, X', and x;.

Suppose that station s measures the bearings of target ¢ with the
measurement vector z.. Define h, (x') by

A |: d)i_ i| ¢
h,(x") = =z 6)
v,

The measurement residual correspondingto A, (x') is then
hy(x") — h,(x")
tan~! (¥ /X!) —tan™ (¥ /X!) | , [tan'a
z{wn%a/x)—wnwz/&)}_[m“%} "

Applying the trigonometricidentity

tan”'(a) — tan~' (b) = tan"'[(a — b) /(1 + ab)]
we obtain
L n/x) - (/R
an = =
|:tan‘oc:| - b+ (v /x) (7 /%) .
-1 - t t 7t [yt
tan™p L z/x) - (/%)
1+ (zi/x) (2, /%) J
mn(ng—wg)]
XiXi+YiY!
‘ | ©)

o (2X-ZX
(X -z
X{ X\ +2,Z; J

tan

tan~' o
tan™' B |

Define

H(z) =
sin(®!) —cos(®!) 0 000000
sin(W!) 0 —cos(¥) 00 0 0 0 O

(10

Let  di2 JIXD + (Y)Y, Di2d /XX +VT, dy2
VIXD24+(Z)2], and Dy =dy/[X' X' + 7' Z']. Note also that
sin(®!)=Y!/d,, cos(®!)=X!/d,, sin(V))=2Z'/d,, and

cos(W!) = X! /d,. Therefore, we can express D, and D, as func-
tions of the estimates and measured angles:

D, = D,(z', %) = 1/[cos(®!) X! + sin(®) V"]

D, = Dy(z,¥') = 1/[cos(lllj))?‘f_ + sin(lllj)Zf_]

If we express the trigonometric functions in H(z!), Dy, and D,
in terms of X!, Y! Z!, X', Y!, and Z!, we can write Eq. (9) as a
function of z! and x':

alz, ) D, (z, %) 0 S
[ﬂ(zi.,fc’)} B [ 0 m(;ﬁ.,;f)} HE)E =] av

Finally, we can rewrite Eq. (11) as

[_1} _ {1/0:(;’,_,;’) 0 } {Dl(zﬁ.,fc’) 0 }
~1 0 1/8(. ) 0 D ¥)

xH(zi_)[x’ —x - —l—x,,.] (12)
and combine it with Eq. (7) to obtain Ak, (x") in modifiable form,
h,(x") — h,(x") =

D (z\, %) tan~" (2!, &) 0 —|
oc(zﬁ.,fc’)
0 D,(z!, &) tan™" B(2, %)
Bz %)
xH(z)[x' —¥] (13)

where we have made use of the identity

0
H(Z)x, —x']= [0}

Thus, we have replaced the elevationangleel!, from which Song and
Speyer' producedan approximately modifiable function with a new
angle W!. Like the azimuth angle &, angle W! leads to modifiable
measurement functions.

III. Converting Incorrect Associations
into Sensor Faults

Suppose that station s can view several targets, indexed by i, and
measures the bearings of each target. Then each of these measure-
ments z. is generated by h,(x'), as in Eq. (6). Now suppose that
another station, using its local observations, generates a state es-
timate of one of the targets that station s views. This estimate X’
corresponds to x/, the true state of the jth target at station s, but
neither station knows the value of index j. Our goal is to determine
which of the tracks at station s is the jth one, using only {z!}, the
measurements local to station s, and X/, the other station’s state
estimate of one of the targets.

To this end, let us form the following error residual between the
estimate x/ and the measurementz’, making use of the result from
the preceding section:

2 —h&) =h() —h,&) =G, ) %) (14
where from Eq. (13)
Gz, %) =
D (z, %) tan~" & (2, %) o _|

oz(zﬁ.,)‘c-f)

0 D (2, %) tz.m*" Bz, x’)J‘
pla.¥)

<H() (15)
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By introducing a zero term into the measurement residual, we can
rephrase it as

2 —h (&) = h,(x") — hy(&)) (16)
2 —h,G) =G, %) — &) (17)
ZI, —h,@E&) = G(Zi,i‘j)(xi — % +xl —x)) (18)

2 —h,G&) =Gz, %) — %)+ G, %)« —x)) (19)
4 —h&) =Gz, ¥ ) — &)+ p? (20)

where p¥/ 2 Gz, x/)(x' — x7) represents the difference between
x" and x/ as a sensor fault. If i = j, we have correctly guessed the
associationbetween measurementand estimate, and there is no fault
(py =0).1f i # j, then py’ # 0, playing the role of a sensor fault in
the residual.

IV. Algorithm for Track Association
from Bearings-Only Measurements via Fault
Detection Filters

Suppose that there are S radar stations, with known inertial coor-
dinates, that make bearings-only measurements in three-space of 7
different targets. We assume that all measurements at each station
have been grouped as tracks of each target visible at that station
using conventional means.*%° In this section, we propose an algo-
rithm for associating the tracks at all stations to their corresponding
targets.

Assume that each measurement station s is located at known
inertial coordinates (X, Y;, Z,). Let ¥ denote a fault detection
filter’s estimate of the target corresponding to the ith track at the
first station. The bearings-onlymeasurementfunction for the station
s of the same target is thus

Z;f _h‘f(i_li) ~ G(z‘_;/"i.li)(xli _)—cli) 4 P{I;-j +vj (21)
where G(z/, %) is given by Eq. 15 and the sensor noise is
y = /\/(O, Vj)

The approximatestructureof Eq. (21)is due to thereplacementof the
measurement function in G(-, -) with the actual measurement (see
Song and Speyer!). Note that, by default, u'’ =0,Vi=1,...,T.

The following algorithm, illustrated in Fig. 2, associates tracks
between stations.

Algorithm (track association):

1)Leti=1.

2) Run a bank of T detection filters that operate on data from
stations 1 and 2, where the jth filter attempts to detect p5 . Each
filter is constructed using the dynamic detection filter procedure
given next. All but one of these detection filters should register a
fault. The track corresponding to the filter that detected no fault is
associated with z}. Without loss of generality, label this track z5.

3) For each trackz/, s =3,...,S,1=1,..., T, perform the al-
gebraic parity test given subsequently. If the result of the parity test
is zero, then z/ is associated with z/ and z.,.

4)Ifi <T,incrementi by 1 and go to step 2. If i =T, we have
completed the track association procedure.

Note thatestimatesobtainedin step 2 are used in step 3. Therefore,
stations 1 and 2 should be chosen to maximize observability of the
targets.

Dynamic Detection Filter

For any estimator of x!/, the estimation residual determined by
the measurements z} and zj will not converge to values near zero
unlessz) and z; correspondto the same target. One such estimator is
the MGEKF! given as

tanl( rv v, ) ] Bk +1) = AR () (22)
h_(xli) é Xt —X‘,- | B Zil(k)_hl[jf”(k)]
J 1 Z" -7, k) = i Sli 23)
tan” (mﬂ 2,(k) = hyl& (K]
. . . X' (k) = x" (k) + K" (k)r'/ (k) (24)
From the results of the preceding section, the error residual of track B
J at any station s, generated by targeti at station 1, is given by MY (k+1) = AP (AT (k) + Q(k) (25)
[ Yi—y, 1
(e[ =r)/E=x)P - x)' {re [ -n) /(%= x| (- x)°
- _ - 2] /=, 2 0
_ [+ - 2)/ (27 - x)T | (2 - x)
hxli(k) = _
B vi-vy, 1
(e[ =m) /)P =) {1 [ - n) /(%0 =) | (R - x)”
- _ ZI_] —Z 2], = 2 0
| {1+[@ - z)/ (& - x)T |- x)
0 00000 0‘|
- - ! —— Y 0 00O
{1+ -2)/(x0 = x)F} (20 - x)
(26)
0 0 0 00O
1 0 0 00O

[+ - 2)/ (3 )P (% - xo)
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Table 1 Radar station positions

Station x Position, y Position, z Position,
identification m m m

1 50 1 0

2 50,000 1 50

3 25,000 —400 100

Tracks from
R station s
Track i

from station 1

L]

r—]

Tracks ] Bank of Bank of
from R detection algebraic NN,
station 2 =———— filters Track from parity tests Track from

station s that
best matches
track i, stationl

station 2 that
best matches
track i, stationl

Fig.2 Track association procedure.

K (k) = MY (k)h'",

- L. = P -1
[hxu(k)M’-’ (h;,, + VY (k)] (27

HO)

o [ GE0w)
Gz, (), z)(k), %" ()] = S (28)
G(z) (k). ¥ (k))

P (k) = {1 — KT (G2, (k), 2] (k), ' (k) | } MY (k)
x AT = K7 (0)G[z k), 2 k), ¥ (k) ]}
+ K7 (k) (V)T (k) (KT (k) (29)
where
Vii(k) = diag{V', V’} (30)

The weighted innovations process of the MGEKF,

1

VIR PR ey

v (k) = [hx”(k)M"-f(k)h;
should be close to a zero-mean, unit variance white noise sequence
only if z/ and z] correspond to the same target.

Algebraic Parity Test

This testdeterminesifz!, § > s >2,T >1 > 1, is associated with
z' and z, where z} and z), are already known to be associated with
each other. Suppose thatx!’ is the state estimate generatedby z\ and
z,. Then, if Z is associated with the tracks z} and z),

vk & [i,xu(k)Mf-f R, + V" (k)]z {2 (k) — n, 3" (01}
(32)

should be close to a zero mean, unit variance white noise sequence.
Here, the approximate measurement matrix k1, is computed in a
manner similar to the first two rows of the matrix in Eq. (26), but
referenced to (X, Y;, Z;), the location of station s, instead of the
location of the first station (X, Yy, Z;). The algebraic parity test is
simply to evaluate the parity equation (32).

V. Example
The track association algorithm presented in the last section is
applied to simulation data in this section. Three radar installations
were located at the positions given by Table 1, and two targets
were both modeled as ninth-orderlinear time-invariantdiscrete-time
systems with the dynamics

#(1) = Fx(t) + Tw() (33)

where

'000100000‘|
000010 0O O O
0000O0OT1 0 0 O
0000O0O0O 1 0 0
F2l0 00000 0O 1 0
000000 O 0 I
000000 — 0 O
000000 O —a O
LOOOOOOOO—O(J

'ooo‘|

000

0 0 0

0 0 0

(o 0 0 (34)

0 0 0

100

01 0

L001J

and where w is a zero mean Brownian motion process with covari-
ance I3 .3 and o = 1—‘0 is the time constant for the first-order filters
that model target maneuvers as colored noise processes. We sample
this model at intervals of 7 =0.1 s to generate the discrete time

dynamics
x(k+ 1) = Ax(k) + Bw(k) (35)

where
.
A=efT, B=/ e Bdt, Ewk)] = 05,4
0

Elw(w" (D] =I5 <36 (36)
The targets began the simulation with the initial conditions
x1(0) =[50 220,000 30,000 250 —1000 0 0 O 0]
x,(0) = [50,000 20,000 35,000 —250 1000 0 0 0 0]"

This configuration corresponds to the two targets initially moving
directlytoward eachother,inalinethatalmost passesthroughstation
2. In the simulation, they pass closest to each other at 1 =99.2 s.
Each measurement station measures the angles ®! and W! to each
target at every sample time. These measurements are subject to
additive, normally distributed zero-mean white measurement noise
with standard deviation 1 deg. We assume that the measurement
noise is independent between sensors at all stations. Each MGEKF
begins with the a priori information

x'(0) =[25,000 120,000 32,500 0 0 0 O O 0]
P (0) =107 x Iy,

Finally, we assume that the local stations were able to separate their
measurements from clutter perfectly using methods like those of
Reid’ or Bar-Shalom and Fortmann,* or Fortmann and Bar-Shalom *

Figure 3 plots the weighted innovations of a MGEKEF that uses
measurements from stations 1 and 2 that correspond to the second
target, whereas Fig. 4 plots the weighted innovations of a MGEKF
that uses measurements that are mismatched. Note that the inno-
vations for the correct match appear to be a zero mean white noise
sequence, whereas the innovations for the incorrect match are larger
and are not white. To better observe the behaviorof these sequences,
theirmeans were estimatedusing a Kalman filter (assumingthateach
element of the weighted innovation of the MGEKF was a measure-
ment of a process that had integrator dynamics, process noise with
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residual {radians)

_1 0 1 L
0 50 100 150
time (sec)

Fig.3 MGEKTF residual for matching tracks.

1: ' WN\‘N‘W‘W I ' | |

residual (radians)
o =) o ~

A

”W i

&

\ il
‘J.MIMMM M , |

50 . 100 150
time (sec)

Fig.4 MGEKTF residual for mismatched tracks.

10 T T

residual (radians)

!
50 . 100 150
time (sec}

Fig. 5 Filtered MGEKEF residual for matching tracks.

covariance 1073, and measurement noise with covariance 1). These
estimates (Figs. 5 and 6) clearly show that the mean corresponding
to a mismatch looks nothing like that of the matched case.

After the tracks had been associated between the first two sta-
tions, algebraic parity tests attempted to associate the targets ob-
served by the third station relative to those observed by the first
and second stations. Two plots of residuals generated by the alge-
braic parity tests appear in Figs. 7 and 8. Again, the residuals for

residual (radians)
(=]
T

-10 !
0 50 X 100 150
time (sec}

Fig. 6 Filtered MGEKTF residual for mismatched tracks.

10 T T

s i
-8 4
-10 1 L
0 50 100 150
time (sec)
Fig.7 Parity test residual for matching tracks.
80 T T

'60 Il 1
0 50 i 100 150
time (sec)

Fig. 8 Parity test residual for mismatched tracks.

the mismatch are much larger than those correspondingto a correct
association.

For purposes of comparison, Fig. 9 plots the error statistic de-
veloped by Bar-Shalom® and Bar-Shalom and Fortmann* for both
a correct and an incorrect track association (using the same data
sequences that were used by the filters in Figs. 3 and 4). Note
that the chi-squared error statistic does not change much between
the matched and mismatched cases. We also noticed that there
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60 T T
— ftargets match
¢ « _targets mismatched
551 . . ﬁ e d

20 1 Il
0 50 100 150
time (sec)
Fig.9 Error statistic suggested by Bar-Shalom® and Bar-Shalom and
Fortmann": (.%1 - iz)TE[(il - 562)(561 - iz)T](il bl iz ).

T
— estimate using data from both stations 1 & 2
- estimate using data from station 1 only

.‘é’

~l
T
v,
-
-
I

..y,

o
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e et
e e
I

IR L T 2N

N
T

estimation error (m)

w
T
L

n

T

ST .
e

oW

0 50 100 150
time (sec)

Fig. 10 Euclidean norm of error in tracking target 1.

were several instances where nearly singular matrices were inverted
in the algorithm that computes the covariance of the difference
between two local estimates.

Part of the reason for this difficulty is explained in Fig. 10, a
plot of the Euclidean norm of the estimation error. The solid line
correspondsto a MGEKEF that uses measurements from both station
1 and 2, whereas the dotted line is from a filter that only used station
1 measurements. Any method that relies on estimates that only use
a single station’s measurements is subject to a large error. This is
not a huge concern for linear estimators, but the matrix P/ defined
by Eq. (29) may not necessarily reflect this error.

We have also encountered cases where a single station measure-
ment MGEKF was divergentin the radial direction to the target, but
no such difficulties have appeared when data from two geograph-
ically disparate stations was used. One way of generating such a
divergent case was to decrease the maneuver colored noise auto-
correlation parameter « to 2—‘0 or below. We note that values of this
parameter below 240 correspond to slower maneuvers, a commonly

encountered situation.

VI. Conclusions

This paper describes residual-based techniques for solving the
radar track association problem for bearings-only measurements.
The association between the tracks at two stations can be deter-
mined by examining the residuals of a bank of MGEKFs. Once this
association s established, an algebraic parity test can find the cor-
respondence between tracks at other stations and targets tracked by
the first two stations.

One may ask why detection filters are necessary: Why not do
everything with algebraic parity tests? Although the detection fil-
tering step is not strictly necessary, it does improve the quality of
the track associations because the state estimates constructed from
two widely separated stations are so much more accurate than the
estimates from a single station.

To ensure the quality of the estimates from the MGEKFs, one
could delay the algebraic parity testing steps for associating tracks
from additional stations. If these parity tests are replaced with ad-
ditional detection filter banks until the estimates before and after
including a new station’s measurements are sufficiently close, then
the fidelity of the estimates can be guaranteed.
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